Analysis of concrete shallow funicular shells of rectangular plan with simply supported boundary conditions under static loads is performed using the Ritz method. Double Fourier series with the unknown constant coefficients are assumed for the displacement components of the shell and their unknown coefficients are determined such that the potential energy of the shell becomes minimum. The solution is presented in a simple form and is suitable for practical applications. The responses of rectangular-plan concrete shallow funicular shells including deflections, strains, internal forces, internal moments and stresses could be easily determined using the proposed semi-analytical method. The Ritz method results are verified against the finite element method results.
Introduction
Shells can be considered as curved plates and double curved shells resist forces efficiently. Both the material resistance and the actual building shape contribute to the strength of double curved shell structures. Design of funicular shells as a special type of shells differs from other shell structures. In the design of funicular shells, the type of stresses due to a selected load is chosen first and then the geometry of the shell is determined. The funicular state exists only for the selected load. Performance of concrete funicular shells under dead weight is chosen to be compressive. Thus, concrete funicular shells carry their dead weight by pure compression where no tensile and shear stresses are generated in the shell. Concrete funic-*Corresponding Author: Hadi Sabermahany: University of Tehran, Tehran, Iran; Email: hadi.sabermahany@ut.ac.ir; Tel.: +989137200944 Erfan Rasouli, Massood Mofid: Department of Civil Engineering, Sharif University of Technology, Tehran, Iran ular shells as roof ceilings should be analyzed for concentrated and distributed static loads in addition to their dead weight. Therefore, presenting a semi-analytical method to analyze concrete funicular shells due to static loads could be useful.
The performance of rectangular-plan concrete shallow funicular shells has been considered in previous studies. [15] investigated the behavior of square-plan concrete shallow funicular shells by constructing ten funicular shell units and testing them under concentrated load. The experimental results were compared with the finite element method results. Good agreement was found between results of two methods at zones away from the supports while two methods had noticeable differences at zones closer to the supports. [1] studied the performance of shallow funicular shells of rectangular plan under a uniformly distributed load. The analysis was done by using a program which was developed by using the finite element method. An isoparametric element with eight nodes and with the assumption of five degrees of freedom at each node was used. Clamped boundary conditions were considered. [3] presented a solution to obtain the shape of deep funicular shells which is more difficult to define than the configuration of shallow funicular shells. The boundary integral element method was applied to solve the nonlinear governing equations. A very good match was found between the results of the boundary integral element method and the finite element method for deep funicular shells of circular plan.
[7] studied the performance of concrete shallow funicular shells of square plan with 0%, 2%, 4%, 6%, 8%, 10%, 12%, and 16% openings by using the finite element method. The ratio of span to rise for all models was equal to 12. It was found that an increase in the percentage of openings caused a drastic increase in the deflections up to 800%. Also, with the increase in the percentage of openings, the membrane and bending stresses increased up to a maximum of 6% and 60%, respectively. The effect of the span to rise ratio on the performance of rectangular-plan concrete shallow funicular shells was carried out by [2] . The analysis was performed via the finite element method. The best performance of funicular shell units was found for the ratio of span to rise ranged from 5 to 12.5. [11] considered the behavior of concrete shallow funicular shells under concentrated load with the finite element method. Six funicular shell units with a rectangular base of 1 × 0.7 m, the rise of 5 and 10 cm, and the thickness of 2, 4, and 5 cm were studied and each unit was compared with a slab of the same dimensions. It was observed that the deflection and the membrane stresses decrease when the rise and the thickness of the shell units increase. The deflection of the shell units founded 34% to 83% less than the deflection of the slab units. Also, some experimental studies considered the ultimate load of concrete shallow funicular shells of rectangular plan with different geometric parameters [8] [9] [10] [12] [13] [14] .
Furthermore, [6] investigated the forced vibration analysis of rectangular-plan concrete shallow funicular shells for simply supported and clamped boundary conditions under impulse loads. The displacement components were expanded by double Fourier series and the kinetic energy, as well as the strain energy, was determined. The governing equations of motion were obtained using the Lagrange equations and were solved via the modal analysis technique. The results indicated that tensile stresses are generated in funicular shells under impulse loads. Moreover, the effect of the plan dimensions and the rise of shells on the performance of these shells were considered. Also, the geometrically nonlinear vibration of concrete shallow funicular shells of rectangular plan was considered by [5] using an approach similar to that used in the previous research. The fourth order Runge-Kutta method was used to solve the nonlinear equations of motion.
In this paper, the performance of rectangular-plan concrete shallow funicular shells under static loads for simply supported conditions is considered using the Ritz method. The displacement components of the funicular shell are predicted with double Fourier series which satisfies the considered boundary conditions. The strain energy and the work performed by external loads are determined in terms of the coefficients of the assumed Fourier series and are presented in a simplified form. Then, based on the principle of minimum potential energy, these coefficients are obtained in such a way that the potential energy of the shell becomes minimum. In this step, a system of linear equations in terms of the coefficients of the Fourier series is achieved which is solved and finally the displacement components and then the strains and the stresses are determined. The finite element method results are obtained close to the results of the Ritz method which approves the validity of the solution.
Ritz method
The potential energy of the shell (Π) consists of the potential energy of the external forces (Ω) and the strain energy (U) as the potential energy of the internal forces:
The strain energy of rectangular-plan shallow funicular shells could be expressed in terms of their middle surface displacement components and their middle surface geometry equation according to the shallow shell theory [6] :
Where, E is the Young's modulus, h is the thickness of the shell, ν is the Poisson's ratio, a and b are the plan dimensions in x and y directions and u, v and w are the middle surface displacement components in the directions of x, y and z, respectively. Also, w is taken positive downwards. Furthermore,
Where, Z=f (x,y) is the middle surface equation of shallow funicular shells which is given for shells on rectangular plan as [4] :
Where, H is the rise of the shell which is the height of the shell at the middle point of the plan (x=a/2 and y=b/2). Figure 1 shows the surface that is depicted according to the Eq. (4). The middle surface displacement components of the shell are approximated by the following double Fourier series:
Where, cum,n, cvm,n and cwm,n are unknown constants or unknown coefficients which would be obtained via the minimum potential energy principle. Also, M and N are the numbers of expressions used in the Fourier series in the directions of x and y, respectively. Simply boundary conditions which are considered in this study (Eq. (8) and Eq. (9)), are satisfied by using the mentioned displacement components.
Mx and My are the bending moments per unit length. Using the double Fourier series form of the displacement components, the strain energy is obtained as: Where, the coefficients α 1 to α 11 are presented by [6] and are reported in the Appendix. The potential energy of the external forces is defined by:
Where, qx, qy and qz are the distributed forces per unit area applying in x, y and normal directions, respectively. According to Eq. (11) and Eq. (7), the potential energy of the normal central concentrated force (p) and the potential energy of the normal distributed force (q) which is distributed uniformly throughout the entire surface are defined as:
[cos (mπ) − 1] [cos (nπ) − 1] Using Eqs. (10), (12) and (13), the potential energy of the shell is obtained as a function of the unknown coefficients. Now, the unknown coefficients are determined by the minimum potential energy principle. The unknown coefficients should be obtained such that the potential energy becomes minimum. Therefore,
∂Π ∂cum,n = 0, ∂Π ∂cvm,n = 0, ∂Π ∂cwm,n = 0, . . .
Applying the above equations, a linear system of equations is obtained for the unknown coefficients that will be solved and the unknown coefficients will be determined. Then, the displacement components are obtained through Eqs. (5)- (7) . Also, the strains and the stresses of the shell could be determined (see the governing equations in the Appendix). Table 1 presents the central deflection (the middle surface displacement component in the direction of z) of four funicular shell models due to a uniformly distributed load, which is equal to 85 kPa, obtained by the Ritz and the finite element methods. Table 1 indicates good agreement between the results of these two methods (the difference between the results of these two methods is less than 20%). It should be noted that the geometric and material nonlinearities are not considered in the Ritz method and its results are valid only for the linear elastic cases. The results of the Ritz method presented in Table 1 show that the deflections of funicular shells are small compared with the thickness of the shells and therefore, the large deflection theory which considers the geometric nonlinearity is not necessary to be used. Also, on the other hand, Table 1 shows that the linear finite element analysis results are close to the geometrically nonlinear finite element analysis results for the considered load magnitude, which is a large considerable load and therefore, the effect of the geometric nonlinearity could be ignored. For the funicular shells considered in Table 1 , it is seen that stresses generated in these shells are mainly compressive. It is due to the fact that the considered distributed load has the same load pattern with the shells' dead weight for which the funicular state exists. Table 2 presents the compressive stress generated at the center of the considered funicular shell models determined with the Ritz and the finite element methods. Table 2 again shows that the proposed Ritz method predicts the performance of funicular shells close to the finite element results. Also, the results presented in Table 2 indicates that the assumption of the linear elastic behavior of the concrete material of the considered funicular shells for the considered load magnitude is acceptable because the maximum compressive stress generated in the considered funicular shells are approximately smaller than the half of the compressive strength of the concrete material, which is the known limit of the linear elastic behavior and is equal to 12 MPa in this study. The geometric characteristics of the considered funicular shell models are presented in Table 3 . Also, the elastic Young's modulus and the Poisson's ratio of the concrete material for all models are equal to 23.5 GPa and 0.2.
Results and discussions
The Ritz method results presented in Tables 1 and 2 are obtained by considering twenty expressions in the Fourier series of displacement components in the directions of x and y (M=20, N=20). The convergence of the Fourier series with M=20 and N=20 is investigated. The deflection at the center of the funicular shell models is presented in Table 4 for two different cases. The number of expressions considered in both x and y directions for case 1 is twenty (M=20, N=20) while for case 2, thirty expressions (M=30, N=30) are considered. Good agreement between the results of two cases in Table 4 shows the convergence of the Fourier series with M=20 and N=20.
The response of rectangular-plan concrete shallow funicular shells due to arbitrary static loads could be obtained using the proposed Ritz method. Table 5 presents the comparison of the central deflection of the funicular shell models between the results of the Ritz and the finite element methods where good agreement between these two methods is obtained. The Results presented in Table 5 are determined due to a concentrated load, which is equal to 30 kN. Also, Table 6 shows the stresses at the center of the funicular shell models. Tensile stresses are smaller than the one-tenth of the compressive strength of the concrete material, which is the tensile strength of the concrete, except for the shell model number four. 
Summary and conclusions
A semi-analytical method is presented in order to conduct the analysis of rectangular-plan concrete shallow funicular shells under static loads. The results of the semianalytical method are verified against the finite element method results. Defining the exact configuration of funicular shells in a finite element software is complicated and it is the difficulty of analysis of funicular shells with finite element method. Using the proposed semi-analytical method, one can easily determine the responses (including deflections, strains, internal forces, internal moments and stresses) of funicular shells of rectangular plan with different geometric dimensions due to static loads. It should be noted that the geometric and material nonlinearities are not considered in the proposed method and its results are valid only for the linear elastic cases. Of course, the results show that the behavior of the funicular shells could be considered linear elastic even due to large concentrated and distributed loads.
In Eq. (A.4), both indices of n, a and b, should be even or odd. Otherwise, this equation will be equal to zero.
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In Eq. (A.5), one of the indices of n, a or b, should be even and the other one should be odd. Otherwise, this equation will be equal to zero.
In Eq. (A.6), both indices of m, i and j, should be even or odd. Otherwise, this equation will be equal to zero.
, one of the indices of m, i or j, should be even and the other one should be odd. Otherwise, this equation will be equal to zero. 
